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For a compact Hausdorff space X , C(X) denotes the algebra of all complex-valued
continuous functions on X . For a positive integer n, we say that C(X) is n-th root closed if,
for each f ∈ C(X), there exists g ∈ C(X) such that f = gn . It is shown that, for each integer
m 2, there exists a compact Hausdorff space Xm such that C(Xm) is m-th root closed, but
not n-th root closed for each integer n relatively prime to m. This answers a question posed
by Countryman Jr. [R.S. Countryman Jr., On the characterization of compact Hausdorff X for
which C(X) is algebraically closed, Paciﬁc J. Math. 20 (1967) 433–438] et al.
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1. Introduction and Main Theorem
For a compact Hausdorff space X , C(X) denotes the algebra of all complex-valued continuous functions on X (endowed
with the pointwise addition and the pointwise multiplication). We say that C(X) is algebraically closed if, for each monic
polynomial p(z) ∈ C(X)[z], the equation p(z) = 0 has a root in C(X). A weaker notion is n-th root closedness. For a positive
integer n, we say that C(X) is n-th root closed if, for each f ∈ C(X), there exists g ∈ C(X) such that f = gn . Countryman
Jr. [4], Miura and Niijima [10] and Honma [6] topologically characterized the ﬁrst-countable spaces X with C(X) algebraically
closed. For simplicity, we state a part of their results for connected spaces. Throughout the paper, Hˇ∗(X;Z) denotes the Cˇech
cohomology of a space X with integer coeﬃcients.
TheoremA. (See [4, Corollary 4.3] and [10, Theorem 3.4].) Let X be a ﬁrst-countable compact connected Hausdorff space. The following
conditions are equivalent:
(1) C(X) is algebraically closed.
(2) C(X) is square-root closed, that is, for each f ∈ C(X), there exists g ∈ C(X) such that g2 = f .
(3) X is locally connected, dim X = 1 and Hˇ1(X;Z) = 0.
Also we may replace the hypothesis “X is ﬁrst-countable” with “X is locally connected” to obtain the equivalence (1) ⇔
(2) ⇔ (3′) where
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(see [5, Theorem 2.2] and [10, Theorem 3.3]).
No topological characterization of the class of all compact Hausdorff (not necessarily ﬁrst-countable nor locally con-
nected) spaces X with algebraically closed C(X) is known. See [2,3,7,8] for related results.
An interesting feature of the above theorem is that the square-root closedness of C(X) is enough to guarantee its alge-
braic closedness. A natural question arises as to whether the square-root closedness always implies the algebraic closedness.
This was ﬁrst posed by Countryman Jr. [4, Remark 5(2)] and repeatedly asked by several authors (e.g. [9]). The purpose of
this paper is to answer the question in the negative by proving the following theorem.
Main Theorem. For each integer m  2, there exists a one-dimensional compact Hausdorff space Xm such that C(Xm) is m-th root
closed, but not n-th root closed for each positive integer n relatively prime to m.
The above compact space Xm is obtained by the Cole construction (see Section 2). The proof of the non-n-th-root-
closedness relies on the transfer homomorphism [1] (see Theorem B and also [2]).
Let l = pa11 · · · pakk be the prime factorization of an integer l (ai  1 for each i = 1, . . . ,k). It is easy to see that the algebra
C(Y ) of a compact Hausdorff space Y is l-th root closed if and only if C(Y ) is pi-th root closed for each i = 1, . . . ,k. This
observation may be applied to detect the integer n such that the algebra C(Xm) in Main Theorem is n-th root closed. For a
positive integer m, let P (m) be the set of primes which divide m.
Corollary 1.1. For the compact Hausdorff space Xm in Main Theorem, the algebra C(Xm) is n-th root closed if and only if P (n) ⊂ P (m).
2. Preliminaries
First we give a brief exposition of the Cole construction, following [11, Chapter 3, §19, pp. 194–197], [3] and [2]. For a
positive integer m and a compact Hausdorff space X , we deﬁne a compact Hausdorff space Rm(X) by
Rm(X) =
{(
x, (z f ) f ∈C(X)
) ∣∣ f (x) = zmf for each f ∈ C(X)
} ⊂ X × CC(X),
and let πX : Rm(X) → X be the projection deﬁned by
πX
(
x, (z f ) f ∈C(X)
) = x, (x, (z f ) f ∈C(X)
) ∈ Rm(X).
Lemma 2.1.
(1) The map πX : Rm(X) → X is a continuous ﬁnite-to-one surjection.
(2) For each continuous function ϕ : X → C, there exists a continuous function ψ : Rm(X) → C such that ϕ ◦ πX = ψm.
Proof. (1) follows immediately from the deﬁnition. For (2), the function ψ : Rm(X) → C deﬁned by
ψ
(
x, (z f ) f ∈C(X)
) = zϕ,
(
x, (z f ) f ∈C(X)
) ∈ Rm(X),
satisﬁes the required condition. 
By transﬁnite induction, we construct an inverse system
{Xα,πα,β : Xβ → Xα | α < β < ω1}
of length ω1, the ﬁrst uncountable ordinal, as follows. Let X0 = X .
If β = α + 1, then let Xβ = Rm(Xα) and πα,β = πXα : Xβ = Rm(Xα) → Xα .
If β is a limit ordinal, then Xβ = lim←−{Xα,πα,γ : Xγ → Xα | α < γ < β} and also for each ordinal α < β , let πα,β =
lim←−{πα,γ : Xγ → Xα | α < γ < β} : Xβ → Xα.
Let Xm = lim←−{Xα,πα,β | α < β < ω1}. For each ordinal α < ω1, the natural projection of Xm to Xα is denoted by
πα : Xm → Xα .
Proposition 2.2.
(1) For each pair α,β of ordinals with α < β < ω1 , the maps πα : Xm → Xα and πα,β : Xβ → Xα are continuous surjections with
zero-dimensional ﬁbers.
(2) The algebra C(Xm) is m-th root closed.
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system of length ω1, each continuous function f : Xm → C admits an ordinal α < ω1 and a map fα : Xα → C such that
f = fα ◦πα . By Lemma 2.1(2), there exists a continuous function gα+1 : Xα+1 = Rm(Xα) → C such that fα ◦πα,α+1 = gmα+1.
Then g = gα+1 ◦ πα+1 is an m-th root of f . This completes the proof of (2). 
We say that Xm is obtained from X by the Cole construction.
We apply the above construction to X = S1 = {z ∈ C | |z| = 1} to obtain Xm of Main Theorem. For the proof of the
non-n-th-root-closedness of C(Xm), a closer look at the above construction is necessary via the following notion.
For a compact Hausdorff space X , let F be the directed set consisting of all non-empty ﬁnite subsets of C(X), ordered
by inclusions. For F ∈F , we deﬁne a compact Hausdorff space Rm(X; F ) as follows.
Rm(X; F ) =
{(
x, (z f ) f ∈F
) ∣∣ f (x) = zmf for each f ∈ F
} ⊂ X × CF
and let πX;F : Rm(X; F ) → X be the projection. These form the pullback diagram:
Rm(X; F )
πX;F
(Cn)F
(ρm)
F
X
Δ f ∈F f
(Cn)F
where Δ f ∈F f : X → (Cn)F denotes the diagonal product deﬁned by (Δ f ∈F f )(x) = ( f (x)) f ∈F , and ρm : C → C is the m-fold
branched covering map given by ρm(z) = zm , z ∈ C.
Observe that the space Rm(X) at the beginning of this section is the same as Rm(X;C(X)). Thus for each F ∈ F , the
projection pF : Rm(X) → Rm(X; F ) is naturally deﬁned. Also for F1, F2 ∈F with F1 ⊂ F2, the natural projection of Rm(X; F2)
onto Rm(X; F1) is denoted by pF1,F2 : Rm(X; F2) → Rm(X; F1). These spaces and maps yield an inverse system
{
Rm(X; F ), pF1,F2 : Rm(X; F2) → Rm(X; F1)
∣∣ F , F1, F2 ∈F , F1 ⊂ F2
}
.
A straightforward proof of the following lemma is omitted.
Lemma 2.3.
(1) Each projection pF : Rm(X) → Rm(X; F ) is a surjection.
(2) The limit map lim←−{pF }F∈F : Rm(X) → lim←−{Rm(X; F ) | F ∈F} is a homeomorphism.
For a ﬁnite set S , |S| denotes the number of elements of S .
Theorem B. (See [1, pp. 141–142].) Let G be a ﬁnite group acting on a compact Hausdorff space Y and let π : Y → Y /G be the
natural projection onto the orbit space Y /G. There exists a homomorphism μ∗ : Hˇ∗(Y ;Z) → Hˇ∗(Y /G;Z) such that μ∗ ◦ π∗ =
|G| · idHˇ∗(Y /G;Z) .
The above homomorphism μ∗ is called the transfer homomorphism.
The cyclic group Zm of order m is identiﬁed with {exp( 2π ikm ) | k = 0, . . . ,m − 1}. For a compact Hausdorff space Y
and a ﬁnite subset F of C(Y ), the |F |-fold product (Zm)F of Zm naturally acts on Rm(Y ; F ) as follows: for an element
g = (g f ) f ∈F ∈ (Zm)F and for a point p = (x, (z f ) f ∈F ) ∈ Rm(Y ; F ), the point g · p ∈ Rm(Y ; F ) is given by
g · p = (x, (g f z f ) f ∈F
)
.
Let pF : Rm(Y ; F ) → Y be the projection deﬁned by
pF
(
y, (z f ) f ∈F
) = y, (y, (z f ) f ∈F
) ∈ Rm(Y ; F ).
For the canonical projection π : Rm(Y , F ) → Rm(Y , F )/(Zm)F of Rm(Y , F ) onto the orbit space Rm(Y , F )/(Zm)F , it is easy
to construct a homeomorphism h : Rm(Y ; F )/(Zm)F → Y such that pF = h ◦ π . Thus Theorem B implies the following.
Proposition 2.4. There exists a homomorphism μ∗ : Hˇ∗(Rm(Y ; F );Z) → Hˇ∗(Y ;Z) such that μ∗ ◦ p∗F =m|F | · idHˇ∗(Y ;Z) .
Let {Aα, iα,β : Aα → Aβ | α,β ∈ Λ, α  β} be a direct system of abelian groups over a directed set Λ and let A = lim−→ Aα .
The canonical homomorphism of Aα to A is denoted by iα : Aα → A. Fix an index α0 ∈ Λ and take an element xα0 ∈ Aα0 .
For α  α0, let xα = iα0,α(xα0 ) ∈ Aα and x = iα0(xα0 ) ∈ A.
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divides xγ .
Proof. The lemma is proved by a standard inductive limit argument and a proof is outlined for completeness. Let x = ny for
some y ∈ A and take an index β ∈ Λ and an element yβ ∈ Aβ such that y = iβ(yβ). Since Λ is directed, we may assume
that β  α0. Then iβ(iα0,β (xα0)) = x = iβ(n · yβ). There exists γ ∈ Λ such that iβ,γ (iα0,β (xα0 )) = n · iβ,γ (yβ). This implies
that xγ = iα0,γ (xα0) = n · iβ,γ (yβ), completing the proof. 
3. Proof of Main Theorem
For an arbitrary integer m  2, we carry out the Cole construction for the space X = S1 = {z ∈ C | |z| = 1} to obtain a
compact Hausdorff space Xm , simply denoted by Xm in the sequel, such that (see Proposition 2.2)
(1) the algebra C(Xm) is m-th root closed,
(2) the space Xm is homeomorphic to the inverse limit
lim←−{Xα,πα,β : Xβ → Xα | α < β < ω1},
where Xβ+1 = Rm(Xβ) and Xα = lim←− β<α Xβ for each limit ordinal α < ω1, and
(3) for each pair α,β of ordinals with α < β < ω1, the map πα,β : Xβ → Xα and the projection πα : Xm → Xα are continu-
ous surjections with zero-dimensional ﬁbers.
It follows from (3) above that the projection π0 : Xm → X = S1 is a continuous surjection with zero-dimensional ﬁbers.
Hence we have
dim Xm  dim S1 + 0 = 1.
Also we can easily see that each Xα in the above (2) is connected and so Xm is connected as well. Thus we see that the
space Xm is indeed one-dimensional. The rest of the paper is devoted to prove the following result.
Proposition 3.1. For each positive integer n relatively prime to m, the algebra C(Xm) is not n-th root closed. Moreover, the projection
π0 : Xm → S1 ⊂ C has no n-th roots.
The key ingredient of the proof is the following result. Fix a generator e of H1(S1;Z) = Hˇ1(S1;Z) and let eα = π∗α,0(e) ∈
Hˇ1(Xα;Z). In the sequel, the coeﬃcient Z will be omitted for notational simplicity.
Lemma 3.2. For each α < ω1 , the element eα is not divisible by n.
Proof. The lemma is proved by transﬁnite induction. Obviously, the element e0 = e is not divisible by n. Assuming that the
conclusion holds for each ordinal less than α, we show that eα is not divisible by n. We make use of the inverse limit
representation of Xm given in (2) above.
Case 1. α = β + 1 for some β . By Lemma 2.3(2), the space Xα = Rm(Xβ) is homeomorphic to the inverse limit
lim←−{Rm(Xβ; F ) | F ∈Fβ}, where Fβ denotes the directed set consisting of all non-empty ﬁnite subsets of C(Xβ). For F ∈Fβ ,
let pF : Xα = Rm(Xβ) → Rm(Xβ ; F ) be the natural projection and let pβ,F : Rm(Xβ ; F ) → Xβ be the map deﬁned by
pβ,F
(
x, (z f ) f ∈F
) = x, (x, (z f ) f ∈F
) ∈ Rm(Xβ ; F ).
It follows from the deﬁnition that πβ,α = πXβ = pβ,F ◦ pF . Also by the remark preceding Proposition 2.4, Xβ is naturally
identiﬁed with the orbit space Rm(Xβ ; F )/(Zm)F , under which the map pβ,F is identiﬁed with the canonical projection onto
the orbit space. Passing to the cohomology and applying Lemma 2.3(2) to Xβ and Xα = Rm(Xβ), we see that the limit map
lim−→ p
∗
F : lim−→ F∈Fβ Hˇ1
(
Rm(Xβ ; F )
) → Hˇ1(Xα)
induces an isomorphism such that π∗β,α = p∗F ◦ p∗β,F for each F ∈Fβ .
Let eβ,F = p∗β,F (eβ) ∈ Hˇ1(Rm(Xβ ; F )) for each F ∈Fβ . In view of Lemma 2.5, it suﬃces to prove that
(3) the element eβ,F is not divisible by n, for each F ∈Fβ .
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μ∗ : Hˇ1(Rm(Xβ ; F )) → Hˇ1(Xβ) with respect to the map pβ,F : Rm(Xβ ; F ) → Xβ . Then we see
n · μ∗(xβ,F ) = μ∗(n · xβ,F ) = μ∗(eβ,F ) = μ∗ ◦ p∗β,F (eβ) =m|F | · eβ (by Proposition 2.4).
Since m and n are relatively prime, we may ﬁnd integers a and b such that an + bm|F | = 1. Then we obtain
eβ =
(
an + bm|F |)eβ = aneβ + bnμ∗(xβ,F ) = n
(
aeβ + bμ∗(xβ,F )
)
,
contradicting the inductive hypothesis. Hence (3) is proved. 
Case 2. α is a limit ordinal. By the deﬁnition of the inverse system, we see that Xα = lim←−{Xβ | β < α}. Passing to the
cohomology, we see Hˇ1(Xα) ∼= lim−→ Hˇ1(Xβ) and eα = π∗α,β(eβ) for each β < α. Thus the conclusion follows directly from the
inductive hypothesis and Lemma 2.5.
This completes the proof of Lemma 3.2. 
Corollary 3.3. (To Lemma 3.2.) Let m = π∗0 (e) ∈ Hˇ1(Xm). The element m is not divisible by n.
The proof of Proposition 3.1 is now straightforward. To simplify the notation, let f = π0 : Xm → S1 = {z ∈ C | |z| = 1} ⊂ C
and suppose that f has an n-th root g : Xm → C; f = gn . Since | f (x)| = 1 for each point x ∈ Xm , we see g(Xm) ⊂ S1. Let
ρn : S1 → S1 be the map deﬁned by ρn(z) = zn , z ∈ S1. Observe that ρ∗n (e) = n · e. Since π0 = f = ρn ◦ g , we have
m = f ∗(e) = g∗
(
ρ∗n (e)
) = n · g∗(e),
contradicting Corollary 3.3.
This completes the proof of Proposition 3.l and hence the proof of Main Theorem is completed. 
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